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Volcanic plume height measured by seismic waves based
on a mechanical model

Stephanie G. Prejean1 and Emily E. Brodsky2

Received 4 April 2010; revised 3 November 2010; accepted 23 November 2010; published 26 January 2011.

[1] In August 2008 an unmonitored, largely unstudied Aleutian volcano, Kasatochi,
erupted catastrophically. Here we use seismic data to infer the height of large eruptive
columns such as those of Kasatochi based on a combination of existing fluid and
solid mechanical models. In so doing, we propose a connection between a common,
observable, short‐period seismic wave amplitude to the physics of an eruptive column.
To construct a combined model, we estimate the mass ejection rate of material from
the vent on the basis of the plume height, assuming that the height is controlled by
thermal buoyancy for a continuous plume. Using the estimated mass ejection rate, we
then derive the equivalent vertical force on the Earth through a momentum balance.
Finally, we calculate the far‐field surface waves resulting from the vertical force. The model
performs well for recent eruptions of Kasatochi and Augustine volcanoes if v, the velocity of
material exiting the vent, is 120–230 m s−1. The consistency between the seismically
inferred and measured plume heights indicates that in these cases the far‐field ∼1 s
seismic energy radiated by fluctuating flow in the volcanic jet during the eruption is a
useful indicator of overall mass ejection rates. Thus, use of the model holds promise for
characterizing eruptions and evaluating ash hazards to aircraft in real time on the basis
of far‐field short‐period seismic data. This study emphasizes the need for better
measurements of eruptive plume heights and a more detailed understanding of the full
spectrum of seismic energy radiated coeruptively.

Citation: Prejean, S. G., and E. E. Brodsky (2011), Volcanic plume height measured by seismic waves based on a mechanical
model, J. Geophys. Res., 116, B01306, doi:10.1029/2010JB007620.

1. Introduction and Motivation

[2] Empirical studies have suggested that the amplitude of
high‐frequency or broadband seismic waves radiated during
large volcanic eruptions generally scales with the height of
an eruption column [McNutt, 1994a]. However, a direct
calculation of the expected seismic wave amplitude based
on physical models has not yet been successful. Connecting
commonly observable data such as seismic wave amplitudes
to a model of the flow in the eruptive jet would provide a
new tool to test and improve our understanding of eruptive
physics. For instance, small‐scale turbulence is thought to
play a major role in the entrainment of hot particles and
gases and hence the buoyancy of eruptive columns, yet there
are few measurements of the strength or distribution of
small‐scale features in real eruptive columns [Andrews and
Gardner, 2009]. Using seismic data to provide observational
constraints on eruption column flow processes is particularly
attractive as seismic data are often available even in remote

settings. Thus use of the seismic database would greatly
increase the number and type of eruptions amenable to
study.
[3] Pragmatically, a physical model connecting plume

height and seismic data would allow the use of seismology
as a remote sensing technology to infer volcanic plume
height. It would be a particularly useful tool for exploring
eruption dynamics in remote environments where direct
observation is not possible, such as the volcanoes of the
northern Pacific Ocean. Although many volcano observa-
tories worldwide are gradually replacing short‐period
seismometers with broadband seismometers, we still largely
rely on short‐period instruments for forecasting, monitoring,
and analyzing eruptions. These realities motivate the
development of the model described below.
[4] In this study, we build on previous work to develop a

physical model for the expected amplitude of seismic waves
from an eruption that generates a plume of a given height.
As a cautionary note, we explore the potential errors in this
formulation and describe situations where the model is not
applicable, such as small eruptions or eruptions where most
mass ejected is not entrained in the plume. After reviewing
previous work on coeruptive seismology and the char-
acteristics of the 2008 Kasatochi and 2006 Augustine
eruptions, we use the connection between plume height and
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thermal ejection rate to predict the momentum ejection rate
that generates the seismic waves. We then compare the
model to data for the eruptions of Kasatochi and Augustine
volcanoes and show that, for a reasonable range of para-
meters, the model performs well.

2. Background

2.1. Coeruptive Seismology

[5] Volcanic activity produces seismic waves. These
waves, which include brittle failure earthquakes, long‐
period and very long period events, and volcanic tremor,
generally result from movement of fluid in the Earth’s
subsurface, directly and indirectly (see Chouet [1996] and
McNutt [2005] for reviews). Seismology also directly senses
magma leaving the Earth in the form of both eruption tremor
and discrete eruption earthquakes [e.g., Nishimura and
Hamaguchi, 1993; Nishimura, 1995]. Such coeruptive
seismicity has been documented in the scientific literature
since Omori’s [1911] early studies of Usu‐san and Asama
volcanoes and is the subject of this study.
[6] By analyzing long‐period surface waves radiated by

the 18 May 1980 eruption of Mount St. Helens, Kanamori
and Given [1982] show that the coeruptive seismic
source can be represented kinematically by a near‐vertical
downward single force. This single force represents the
counterforce of eruption [Kanamori et al., 1984]. This
model has been used to investigate eruption source prop-

erties of volcanic eruption earthquakes at other volca-
noes, including Mount Tokachi and Mount Asama, Japan
[Nishimura, 1995; Nishimura and Hamaguchi, 1993;
Ohminato et al., 2006]. Brodsky et al. [1999] calculated
vertical mass discharge rates for the 18 May 1980 eruption of
Mount St. Helens on the basis of this model. Our work fol-
lows these studies.
[7] Other models for the source of coeruption seismicity

exist. For example, Uhira and Takeo [1994] showed that in
the case of the 1986 eruptions of the Sakurajima Volcano in
Japan, a single force model cannot explain long‐period
(several seconds) seismic radiation patterns as well as a
model containing volumetric components of expansion and
contraction of rock around the source. Chouet et al. [2010]
show that in the case of the Kilauea Volcano, explosive
degassing bursts associated with Strombolian eruptions are
complex and best modeled by a combination of single‐force
and volumetric changes at low frequencies in conjunction
with higher‐frequency oscillations in the conduit and short‐
period energy from the slug burst itself. Additional studies
also find source mechanisms consisting of single force
components and volumetric change, such as those at
Stromboli and Popcatepetl [Chouet et al., 2003, 2005,
2008].
[8] Overall, the source of low‐frequency energy radi-

ated coeruptively has been more thoroughly studied than
high‐frequency energy radiated coeruptively. McNutt and
Nishimura [2008] model coeruptive tremor as resulting

Figure 1. Map of the central Aleutian arc showing locations of Augustine Volcano, Kasatochi Island,
and neighboring islands and volcanoes. Seismic stations used in this study are indicated by triangles.
Red triangles are short‐period instruments. Yellow triangles are broadband instruments. Great Sitkin Vol-
cano had a functioning seismic network at the time of the Kasatochi eruption. However, those data were
clipped and not used in this study.

PREJEAN AND BRODSKY: PLUME HEIGHT AND SEISMIC WAVES B01306B01306

2 of 13



from radial oscillations of conduit walls but do not
connect the amplitudes to the plume dynamics. Here we
take a different approach and model the seismic wave
generation as resulting from the mass discharge of the
erupting column.

2.2. The 2008 Eruption of Kasatochi Volcano

[9] Kasatochi Volcano is a 3 km wide island with a large
crater lake in the Andreanof Islands in the Aleutian Arc
(Figure 1). Though the volcano’s summit is 314 m in ele-
vation, the volcanic vent is near sea level. Prior to its 2008
eruption, little was known about this volcano. Kasatochi
Volcano is not seismically or geodetically monitored. The
nearest seismometers are a short‐period network operated by
the Alaska Volcano Observatory (AVO) at Great Sitkin
Volcano, 40 km west of Kasatochi (Figure 1). The nearest
broadband station functioning at the time of the eruption,
ATKA operated by the Alaska Earthquake information
Center (AEIC), is 80 km east of Kasatochi on Atka Island.
[10] After a brief but powerful earthquake swarm with

earthquakes as large as MW 5.8 [Ruppert et al., 2011],
Kasatochi Volcano had three large ash‐producing eruptions
with satellite detectable plumes to 18 km above sea level
(2201 UTC on 7 August 2008, 0150 and 0435 UTC on
8 August 2008) [Waythomas et al., 2010]. Maximum
heights reported correspond to the plume top rather than
the umbrella cloud. Coeruptive tremor associated with each
of these three explosions was readily apparent in real‐time
seismic data for at least 20 min (Figure 2). Infrasound and

seismic data indicate that two additional smaller explosions
occurred in the following 5 h episode of continuous ash
emissions [Arnoult et al., 2010]. Satellite data indicate that
the third large explosion was significantly more ash‐rich
and had a higher plume than the first two explosions
[Waythomas et al., 2010; Fee et al., 2010; Scott et al.,
2010]. Seismic data support this observation as the far‐
field amplitude of the third explosion was more energetic
than the previous explosions. Following the third explo-
sion, ash vented continuously for roughly 16 h. Satellite
data indicate that the continuous ash emission phase had a
decreasing density of ash emission with time [Waythomas
et al., 2010]. This observation is consistent with seismic
data, as the prolonged continuous ash emission phase
radiated less seismic energy than the initial 10 min of the
third explosion.

2.3. The 2006 Eruption of Augustine Volcano

[11] The 2006 eruption of Augustine Volcano was far
better monitored than the 2008 eruption of Kasatochi, in part
because the volcano had erupted previously in 1971, 1976,
and 1986. Augustine, a volcano located in the lower Cook
Inlet with summit at 1260 m above sea level (Figure 1), is
instrumented with both broadband and short‐period seism-
ometers. Increasing seismicity and deformation were noted
months before the eruption onset [Power and Lalla, 2010].
The Augustine preeruptive seismic swarm was notably less
intense than that of Kasatochi. The largest earthquake
associated with the eruption was ML 2.1. The explosive

Figure 2. Raw waveform of third ash‐producing explosion of Kasatochi as recorded on short‐period sta-
tions GSMY, ETKA, KIKV, TASE, and GANE. Shaded line shows moveout of surface wave energy
packets at 3.4 km s−1.
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phase of the eruption began on 11 January 2006 and con-
tinued through 28 January 2006 [see Power and Lalla,
2010]. The ash‐producing explosions of Augustine, though
numerous, were shorter in duration and lower in altitude
than the Kasatochi explosion. Augustine produced 13 major
ash plumes ranging in altitude from 9 to 14 km above sea
level. The coeruptive tremor durations for these explosions,
as determined from far‐field seismic data, ranged from 3
to 7 min. The coeruptive seismicity associated with the
Augustine eruption plumes was observed at a maximum
distance of ∼200 km, whereas Kasatochi coeruptive seis-
micity was visible to over 350 km distance.

3. Relating Plume Height to Seismic Wave
Amplitudes

[12] Here we develop a composite model that combines
existing fluid and solid mechanical models to connect
observable seismic wave amplitudes to volcanic plume
height. We test the model on the 2008 eruption of Kasatochi
Volcano and the 2006 eruption of Augustine Volcano. The
model involves three distinct steps as illustrated in Figure 3:
(1) Relate maximum ash plume height to mass ejection rate
of material from the volcanic vent. (2) Relate mass ejection
rate to a single downward force acting on the solid Earth.
(3) Calculate far‐field seismic wave amplitudes resulting
from the single force. Each step is described in detail
below.

3.1. Step 1: Relate Plume Height to Mass Ejection Rate

[13] We begin by assuming that plume height is controlled
by thermal buoyancy for a continuous ash‐rich plume with
dense rock equivalent volumetric ejection rate q. This fun-
damental physics for column height has its origins in studies

of forest fire plumes [Morton et al., 1956] and has been
verified using eruption data [Carey and Sigurdsson, 1989;
Sparks et al., 1997]. Slightly different relationships between
q and plume height exist in the literature, depending on the
data sets used for calibration. We use the widely cited
Sparks et al.’s [1997] equation 5.1:

H ¼ 1:67 q0:259; ð1Þ

where q is in m3 s−1 and H is the maximum column height in
km above the vent rather than the sometimes more easily
observed height of the umbrella cloud. Equation (1) is an
empirical regression, but its form is motivated by analytic
models of thermally buoyant continuous plumes in a strat-
ified atmosphere [Sparks et al., 1997, equation 4.15; Wilson
et al., 1978]. Observations used to constrain equation (1)
include uncertainties both in plume height and in ejecta
volumes as discussed by Mastin et al. [2009] and Sparks et
al. [1997]. We use the term continuous to describe a plume
where the volcano is still actively venting at the time the
plume reaches its maximum height. This is often referred to
as an attached plume.
[14] An alternative model is a rapid ejection eruption

where all of the mass is released so quickly that the bottom
of the plume has left the vent before the top of the plume
reaches its maximum height. Though this may have been the
case for the first two Kasatochi explosions, satellite data
show that this was not likely the case for the third explosion,
as that explosion was the beginning of a 13 h phase of
continuous ash emission [Waythomas et al., 2010]. None-
theless, it is useful to realize that even in this case, the
scaling in equation (1) is preserved and the only major
modification is the inclusion of the ejection duration.

Figure 3. Cartoon depicting processes associated with the three calculation steps in the composite
model. Step 1 relates plume height to mass ejection rate. Step 2 relates mass ejection rate to a downward
acting single force. Step 3 calculates seismic waves radiated by the single force. Calculated seismic wave
amplitudes are compared to those observed.
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Morton et al. [1956] also developed a relationship for a
quickly released plume and found

H ¼ 1:87� 10�3 E1=4; ð2Þ

where H is height in km and E is thermal energy in J. The
thermal energy is primarily carried by the solid particles,
and E = cp r DT q t, where cp is the heat capacity, r is the
density of the solid rock, DT is the temperature difference
between the plume and the ambient air, and t is the
duration of the ejection phase. Using reasonable values for
parameters (cp = 1 kJ kg−1 K−1, r = 3000 kg m−3, DT =
103 K, t = 100 s) yields

H ¼ 1:4 q1=4; ð3Þ

which is consistent with the empirical protracted source
result (equation (1)). Thus, the model is insensitive to the
assumed relative duration of the source.
[15] We next relate the volumetric ejection rate to the

mass ejection rate, as the later quantity is most directly
associated with the momentum flux which ultimately gen-
erates seismic waves. If dense rock equivalent density is r,
then

M
� ¼ q�; ð4Þ

where M
�
is the mass ejection rate.

3.2. Step 2: Relate Mass Ejection Rate to Single Force

[16] We assume that the force system acting on the Earth
during an eruption can be represented as a single force
following the work by Kanamori and Given [1982],
Kanamori et al. [1984], and Brodsky et al. [1999]. Owing to
a lack of quality broadband seismic data and poor coverage
of the focal sphere typical of Aleutian eruptions, we are not
able to invert the coeruptive seismic radiation field of the
Kasatochi eruptions for an equivalent force system. Thus,
we cannot directly demonstrate that a single force is the
most appropriate source model for Kasatochi. Instead, we
start with this simple seismic source model and test its
applicability.
[17] Using the mass ejection rate from equation (4), we

can derive the equivalent vertical force F on the Earth using
a momentum balance following Brodsky et al. [1999]:

d Momentumð Þ=dt ¼ M
�
v ¼ F; ð5Þ

where v is the velocity of material exiting the vent. This is
sometimes termed the thrust equation [Thompson, 1972]. In
the case of a rocket, the force propelling a rocket upward is
equal to the momentum discharge rate of the fuel behind it.
In the case of a volcano, the rocket is inverted, as it dis-
charges momentum upward. Equation (5) is a quasi‐static
approximation that assumes that the advective transport of
momentum is more significant than the local acceleration.
For any protracted plume source, this is likely appropriate.
[18] As M

�
also depends on the vent velocity v through the

volumetric flow rate q, equation (5) can be expanded using
equation (4) and the definition of volumetric flow rate at the
vent (q = vA, where A is the area of the vent) to show that
the force F is proportional to v2. However, it is more useful

to keep the form of equation (5) as written above, as this
form minimizes the number of unconstrained parameters,
since the observable column height H is a function of the
combined quantity q. Using this combination of parameters
introduces an important and subtle assumption about the
frequency content of the observations used to estimate q and
v that is discussed below.
[19] To use equation (5), we need to estimate only one

unknown parameter, v. For large‐scale eruptions, the
extreme overpressures at the vent require supersonic flow.
In steady state, the flow is choked at the vent with the vent
velocity equal to the sound speed of the erupting material
[Kieffer, 1981; Woods, 1995]. The mixture of ash and gas in
a plume has a greatly depressed sound speed relative to
either the solid or gas end‐member [Rudinger, 1980]. For
instance, the 18 May 1980 blast of Mount St. Helens is
thought to have had a sound speed of ∼100–250 m s−1 on
the basis of the temperature and relative mass fraction of gas
and solid phases [Kieffer, 1981; Brodsky et al., 1999].
Alternative derivations of the vent velocity on the basis
of conduit flow models also arrive at the same range of
100–250 m s−1 [Papale and Longo, 2008]. McNutt and
Nishimura [2008] summarized vent velocity estimates for
a large number of eruptions globally and arrived at a range
of 28–420 m s−1 with the caveat that the lowest end of the
range is likely an underestimate due to the neglect of the
coupled gas flow. We consider vent velocities within both
the observational and theoretical ranges (100–250 m s−1)
reasonable and consistent with prior work.
[20] The simplest application of equation (5) would be

using data with periods of minutes, consistent with the time
it takes to evacuate the magma chamber, following
Kanamori et al. [1984]. This approach would be consistent
with the duration of the observations used to constrain q
from the column height. We lack seismic data at those fre-
quencies, so we explore the possibility that the higher‐fre-
quency seismic waves radiated by turbulence in the volcanic
jet scale with energy radiated at low frequencies. To provide
the context for this approach, we now discuss the role of
turbulence in the volcanic jet.
[21] The observed spectrum of seismic waves is a product

of the propagation spectrum in the elastic medium (see
equation (6) below) and the spectrum of momentum ejection
from the vent (source spectrum). The spectrum at the source
may primarily reflect the spectrum of vent velocities. In a
turbulent flow, fluid velocity generally fluctuates with well‐
defined statistical properties. For instance, for homoge-
neous, isotropic turbulence in an incompressible flow, the
energy spectrum, S, of the flow is related to frequency S ∼ f−5/3
[Kolmogorov, 1941; Mathieu and Scott, 2000]. A volcanic
eruption involves transient, compressible flow that has mul-
tiple origins of velocity fluctuations, including the turbulent
field, internally generated periodic collapses, and evolving
vent shape [Ogden et al., 2008]. For simplicity, in this initial
study, we assume that the vent velocity spectrum is flat and
that the spectral amplitude is v for all frequencies. We also do
not consider here the influence of density fluctuations on the
source spectrum. This flat spectrum assumption allows us to
use equation (5) with M

�
estimated from the column height

and v estimated separately on the basis of the seismic waves.
These assumptions are difficult to evaluate in the absence of
direct observations of the turbulent structure of plumes and
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thus can be justified only by testing the consistency of the
seismic data with the model. We use the spectral simplifica-
tions as a starting place to explore the link between plume
height, volcanic flow in the conduit, and seismic waves. For
future studies, infrasound data from large eruptions could
potentially be used to provide constraints on the true turbu-
lence spectrum of volcanic jets [e.g.,Matoza et al., 2009; Fee
et al., 2010].

3.3. Step 3: Relate Single Force to Far‐Field Seismic
Waves

[22] Finally, we calculate the far‐field surface waves re-
sulting from a single force. For a vertical single force F, the
displacement amplitude u of a fundamental mode Rayleigh
wave with wave number k traveling in a half‐space is

u ¼ 0:07F

�

ffiffiffi
k

r

r
e� f �=Qcð Þr; ð6Þ

where m is the shear modulus, r is the distance from the
source, c is the surface wave propagation velocity, and Q is
the quality factor for attenuation at frequency, f [Aki and
Richards, 1980]. Equivalently, equation (6) describes the
spectrum of propagating surface waves as a function of
wave number k. This relationship is appropriate for a source
at the Earth’s surface.

[23] Equation (6) is applicable for a single mode. For real
data, we apply a narrow band pass that captures multiple
modes. Since themodal spectrum is dense near 1 s, it is difficult
to analytically add all of the relevant modes together to con-
struct the amplitude. Instead, we generate synthetic seismo-
grams using a wave number‐frequency summation method
and band pass the synthetics to obtain a correction for the finite
band pass (Figure 4) (R. B. Herrmann, Computer programs in
seismology, 1987, available at http://www.eas.slu.edu/People/
RBHerrmann/getzip.html). Empirically, we find that an
impulse source for a given F band passed at 0.67–2 s period at
the regional distances studied here produces an amplitude 2.4
times greater than that predicted by equation (6) for a half‐
space homogeneous velocitymodel. This correction factor also
holds for a more realistic velocity model such as AK135
[Kennett et al., 1995; Montagner and Kennett, 1996]. There-
fore, we apply this correction factor of 2.4 to our predicted
amplitude found using equation (6).
[24] By assuming values for m, v, and r, and intrinsic Q we

can calculate ground displacement as a function of column
height and observed wave number k. Combining equations (1)
with equations (4)–(6) with the finite band‐pass correction
yields

u ¼ 0:17�v

�

ffiffiffi
k

r

r
H

1:67

� �3:86

e� f �=Qcð Þr; ð7Þ

Figure 4. Synthetic seismograms from an impulse source of the same strength as that inferred for the
Kasatochi eruption. The synthetics are band passed using the same filter as the observed seismograms
(0.67–2 s) to measure the amplitude in the narrow band pass corresponding to equation (7). The syn-
thetics were produced using a regional f‐k integration and the AK135 model [Kennett et al., 1995;
Montagner and Kennett, 1996; R. B. Herrmann, Computer programs in seismology, 1987, available at
http://www.eas.slu.edu/People/RBHerrmann/getzip.html]. Synthetics are calculated for distances to sta-
tions GSMY, ETKA, KIKV, TASE, and GANE. The resulting phase velocity matches the observations in
Figure 2.
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where H is in km and the other variables are in MKS units.
Note that as in equation (1), the constants in equation (7) are
not dimensionless.
[25] Equation (7) predicts the amplitude of the seismic

waves resulting from a certain column height based entirely
on previously established empirical relations and known
physics. The column height is an observed quantity and the
wave number and epicentral distance r are generally well‐
resolved for seismic data, as are the dense rock density r and
the shear modulus m. We estimate Q in our study area by
examining the falloff in surface wave energy amplitudes
with distance for propogation velocity, c, at frequency, f.
Therefore, utilizing equation (7) requires estimating only
one relatively poorly constrained eruptive quantity, the vent
velocity v.
[26] A potential complication to this seismic model is the

dominance of scattering at high frequencies [e.g.,Wu, 1985].
We evaluate this possibility by examining the coda waves of
two brittle failure earthquakes that occurred near Kasatochi
Volcano in the day prior to the eruption (Figure 5). Although
locating events in this area is difficult, Ruppert et al. [2011]
show that these earthquakes likely occurred within 5 km of
the volcano. In the 0.67–2 s band pass, coda wave amplitudes
of these earthquakes do not decay as observed for the erup-
tive events (compare to Figure 6). Rather, the coda ampli-
tudes are nearly independent of distance, as might be
expected for a highly scattering medium [Aki and Chouet,
1975]. The difference between the amplitude decay of the
earthquake coda and the eruptive amplitudes suggests that
the amplitude of the eruptive phenomena is not dominated by
the scattering effect.

3.4. Model Applicability

[27] We now discuss the range of conditions and eruption
styles for which this model is appropriate. Because multiple
physical processes produce seismic waves at a variety of

Figure 5. Waveforms for a tectonic earthquake located near Kasatochi Volcano band passed at 0.67–2 s
as recorded at stations used in this study. Black line shows arrival of surface waves at c = 3400 m s−1.
Coda wave amplitudes in this band are nearly independent of distance.

Figure 6. Ground displacement in frequency band ana-
lyzed of coeruptive seismicity with distance from Kasato-
chi Volcano for the largest ash‐producing explosion.
Large circles are broadband stations ATKA and AMKA.
Small circles are short‐period stations. Lines show model
fit for H = 18 km and v = 120 m s−1 for Q of infinity (solid
line), Q of 300 (dotted line), and Q of 200 (dashed line).
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frequencies during large ash‐producing volcanic eruptions,
it is sometimes difficult to connect broadband seismic
amplitudes with eruptive properties directly, particularly in
the near field and for small eruptions. For example, local
processes including rockfalls and pyroclastic flows can
dominate seismic recordings local to the volcano.
[28] Because the calculated mass ejection rate accounts

only for erupted material that provides energy for buoyant
ascent of ash‐rich plumes, our model is not applicable for
phreatic eruptions or eruptive phenomena apart from the
plume, such as pyroclastic flows and lava fountaining. In the
case of eruptions where the majority of the mass ejected is
not entrained in the plume, the model may overestimate
plume height for a given amplitude of ground shaking.
[29] The model is also only appropriate for plumes that

rise to altitudes of 5 km or higher for two reasons. (1) The
empirical regression of Sparks et al. [1997] is not con-
strained for plume heights below 5 km. (2) The assumption
that the upward mobility of the plume is thermally driven
may not be correct at heights where material can travel
ballistically. The maximum ballistic height of a projectile
with initial velocity v occurs when the initial kinetic energy
equals the gravitational potential energy, i.e., 1/2 M v2 =
Mgh, where M is mass, g is the acceleration due to gravity,
and h is ballistic height. Thus, the maximum ballistic height
is 1/2 v2/g. Assuming v = 300 m s−1 or less, ballistics could
be ejected to 4.5 km height. In the case of small eruptions at
the Tungurahua and Santiaguito volcanoes, Johnson et al.
[2004, 2005] show that amplitudes of coeruptive seismic
waves scale poorly with eruption intensity. In both cases,
however, eruption plumes analyzed were less than 4 km in
height.
[30] This model is also not appropriate in cases where the

source of coeruptive volcanic tremor is not the volcanic
vent, but elsewhere in the system. For example, during the
2008 eruption of Okmok Volcano, coeruptive tremor
amplitude correlated poorly with volcanic plume height after
the opening phase of the eruption. Haney [2010] estimates
that the VLP tremor occurred along the length of a dike
at 2 km depth. Thus, in the case of Okmok, Haney
concludes that the primary tremor source likely reflected
the flux of magma from the shallow magma chamber into
the dike rather than mass ejection at the vent directly.
[31] Similarly, we must avoid performing this analysis on

time series where the seismic data are dominated by earth-
quakes sourced from depth. In the case of the Kasatochi
eruption, for example, the far‐field seismic energy radiated
by preeruptive earthquakes was up to 4 times larger in
amplitude than the coeruptive tremor at the distances we
consider when seismic energy is averaged over 10 min
windows. For this reason, we limit our analysis at Kasatochi
to a time period free of large earthquakes.
[32] The model is applicable only when the volcanic vent

is open and freely emitting material. Therefore, caution must
be used when considering the initial stages of eruption.
During this time frame, a large portion of the seismic energy
may be related to “throat clearing” or removing the lid that
caps the magma body. For example, the first large ash‐
producing explosion during the 2006 eruption of Augustine
Volcano produced stronger ground shaking than the subse-
quent 20 ash‐producing explosions, although the plume

height of the first explosion was similar to that of many later
explosions.
[33] Finally, atmospheric effects should be considered

when applying our model. For example, the model is most
appropriate for large eruptions with strong plumes where
tropospheric wind shear and other atmospheric instabilities
are minimal. In addition, because the buoyancy of volcanic
ash plumes can increase significantly if atmospheric water
vapor is entrained in the plume [Woods, 1993; Tupper
et al., 2009], our model is more applicable in dry sub-
polar environments such as Alaska than in moist tropical
environments. However, in all environments, atmospheric
humidity does not have an appreciable effect on large
eruption columns greater than 15 km in height [Woods,
1993].

4. Data Analysis and Results

4.1. Kasatochi

[34] To apply our model to the eruption of Kasatochi, we
begin by measuring coeruptive ground displacement at
short‐period and broadband seismometers primarily located
west of the volcano. The geometry of the Aleutian Islands
provides us with a nearly linear array. We are not able to use
data recorded at Great Sitkin Volcano because coeruptive
seismic waves are clipped there (Figure 2). We also do not
use data east of Atka Island because seismic waves gener-
ated by Kasatochi Volcano would likely be contaminated by
those generated by the simultaneous eruption of Okmok
Volcano, roughly 350 km east of Kasatochi.
[35] This use of far‐field data is an advantage because far‐

field data are not likely to be contaminated by energy
radiated from secondary surficial processes. During the
Kasatochi eruptions, huge pyroclastic and block and ash
flows left the island inundated in up to 15 m of tephra.
Secondary seismic sources such as rockfalls and pyroclastic
flows decay more quickly with distance than a single force
source associated with magma removal because these sec-
ondary sources (1) transport a small percentage of mass
compared to the total mass ejected, (2) are multipole sources
distributed in time and space on the volcano’s flank, in
contrast to the concentrated single force monopole associ-
ated with overall mass ejection [Kanamori et al., 1984,
Appendix A], and (3) are largely surficial sources. Jolly
et al. [2002] show that in the case of Soufriere Hills
Volcano, Montserrat, seismic waves generated by pyro-
clastic flows are highly attenuated (Q = 20) due to their
surficial travel paths.
[36] We focus our study on the highest amplitude packet

of energy radiated by the third and most ash‐rich explosion
at Kasatochi (2201 UTC, 7 August 2008) (Figure 7), as this
explosion began a 16 h phase of continuous venting and is
not contaminated by earthquakes. The strongest phase of
this energy packet is several minutes in duration and can be
clearly identified as it moves out appropriately with distance
away from Kasatochi (Figure 2). To select the best possible
data set, we examine seismic data from regional brittle
failure earthquakes at all Aleutian seismometers. Stations
which have unusually strong noise, artificial spectral band-
ing, or poor response in our frequency band of interest are
not used. All data analyzed have a signal‐to‐noise ratio of
2.5 or better in our band of interest. With the exception of
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data from the two short‐period instruments on Semi-
sopochnoi Volcano (Figure 1), data analyzed have a signal‐
to‐noise ratio that is significantly higher than this threshold.
We retain these stations in the analysis, however, as they are
helpful in estimating Q. Stations analyzed are shown in
Figure 1.
[37] Once appropriate data are selected, we correct for

instrument response and band‐pass filter data between
0.67 and 2 s (Figure 7). We choose this frequency range
because it is well within the response range of short‐
period instruments, yet it is below the frequency range
generally radiated by pyroclastic flows [e.g., Zobin et al.,
2009]. Although site effects are still a problem at fre-
quencies near 1 Hz, we find that measurements made in
higher‐frequency bands have significantly increased scat-
ter. After filtering data, we select a 2 min duration win-
dow which contains the maximum amplitudes (Figure 7).
We measure the peak amplitude in 2 s time bins over the
window. We then take the L2 norm of this distribution to
find a time‐averaged peak amplitude of surface wave
energy radiated coeruptively.
[38] Figure 6 shows that the relative amplitude of the

observed seismic waves fall off with distance. Scatter in
measurements likely results from unmodeled site effects.
Our measurements are generally consistent with Q values
of 200–300. This range is slightly high relative to stan-
dard attenuation models (e.g., shallow Qp = 180, Qs =
85 [Montagner and Kennett, 1996]) but still reasonable
for intact oceanic crust. The observed amplitude falloff
with distance is a helpful corroboration of the direct
Rayleigh wave interpretation of the coeruptive seismicity
in equation (6). The observation is consistent with other
studies of vulcanian eruptions that show that seismic
energy radiated coeruptively is dominated by Rayleigh
waves [McNutt, 1994b].
[39] To evaluate the fit of our model, we calculate the

range of plume heights, H, predicted for a reasonable range
of v, given the measured displacement, u. We assume a
shear modulus of m = 3 × 1010 Pa and specify k = 2pf/c,
where the frequency in the middle of the observed band pass
f = 1 s and c = 3.4 × 103 m s−1. Dense rock equivalent, r, is
2700 kg m−3. We then compare predicted plume heights to

the observed maximum plume height of 18 km [Waythomas
et al., 2010].
[40] Figure 8 shows that in the case of Kasatochi, for a

wide range of reasonable values of v, we predict H of 13–
20 km. Thus, the observed H of 18 km is well within the
range of those values predicted by our model. In Figure 8,
H of 18 km corresponds to v of 120 m s−1. Figure 6 shows
ground displacement measurements for the Kasatochi
eruption and predicted ground displacement with distance
in our preferred model, where v = 120 m s−1, H is 18 km,
and Q is between 200 (Figure 8, dashed line) and 300
(Figure 8, dotted line). Because our preferred velocity based
on analysis of ∼1 s data is in the range of v predicted by
laboratory studies of volcanic columns [Kieffer and
Sturtevant, 1984] and observational estimates [McNutt and
Nishimura, 2008], Kasatochi eruption data appear to be
consistent with the flat spectrum source model as proposed
above. Alternatively, if the true v is larger than 120 m s−1, as
is possible for an eruption as large and violent as the Kasa-
tochi eruption, the data may accommodate an increase in
spectral amplitude of the source with increasing period as
would be expected from turbulence models [Kolmogorov,
1991; Mathieu and Scott, 2000; Matoza et al., 2009] and
Mastin’s [2007] Plumeria model. We also note that large
pyroclastic flows occurred during the Kasatochi eruption
[Waythomas et al., 2010; Scott et al., 2010]. If a significant
portion of the ejected mass is not contributing to the thermal
buoyancy of the plume, as we assume, it is possible that we
are overestimating v by using equation (7).
[41] Errors in measured plume height are not reported in

the literature for the Kasatochi eruption. However, Mastin et
al. [2009] estimate errors in relating H to M

�
on the basis of

reasonably well‐constrained eruption source parameters
from a number of other eruptions. In the case of the Kasa-

Figure 8. Calculated plume heights, H, for a possible
range in v given measured displacement, u, for explo-
sions at Kasatochi Volcano on 8 August 2008 (solid line),
Augustine Volcano on 14 January 2006 (dashed line), and
Augustine Volcano on 17 January 2006 (dotted line).
Observed plume heights, H, and inferred preferred veloci-
ties, v, are indicated by circles.

Figure 7. (a) Raw waveform of third large ash‐producing
explosion of Kasatochi as recorded at short‐period station
TASE at Tanaga Volcano, 177 km fromKasatochi. (b) Record
from Figure 7a band‐pass filtered between 0.67 and 2 s.
Box shows 2 min window used in computing average peak
amplitude.
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tochi eruption, we calculate M
�

= 2.6 × 107 kg s−1 using
equation (1). Mastin et al. [2009] find that the 50%
confidence interval for this M

�
includes plume heights of

∼18 km ± 4 km. Scatter observed in the H to M
�
relation

results from error in H estimates, errors in eruptive volume
estimates, and unmodeled effects of pyroclastic flows and
water vapor entrainment into the plume.

4.2. Augustine

[42] To investigate the robustness of the model in a dif-
ferent eruptive setting, we tested its applicability to the 2006
eruption of Augustine volcano. Although Augustine is
locally instrumented, for our analysis we use the short‐
period seismometer OPT located 37 km from the erupting
vent. This is required, since our model uses far‐field surface
waves and because we do not want the tephra ejection signal
contaminated by more surficial local processes that domi-
nate the short‐period signals on the island, such as rockfalls
and pyroclastic flows. In the case of the 2006 eruption of
Augustine, McNutt et al. [2010] showed that pyroclastic
flows were visible seismically only on stations near the flow
travel path and not on the volcano flanks opposite the flow
path.
[43] We process Augustine data in a manner identical to

that described for Kasatochi data. Figure 8 shows calcu-
lated plume heights for a range of v for explosions at
0140 UTC on 14 January 2006 and 1657 UTC on 17 January
2006, which had maximum plume heights of 10.5 and
13.5 km above sea level, respectively, on the basis of radar
and pilot reports [Power and Lalla, 2010]. The far‐field
short‐period amplitudes of these two explosions are similar
to other explosions in the sequence (with the exception of
the initial 11 January 2006 explosion). We selected these
explosions to analyze because they are representative of
the entire eruption. Because the initial explosions from the
2006 eruption of Augustine volcano may have included
energy from the brittle failure vent‐clearing processes, we
do not analyze data from 11 January 2006. In the case of
Augustine, the volcanic vent is well above sea level at
∼1260 m altitude. Thus, when applying our model, we
correct for the difference between vent altitude and the
reported plume heights, which are defined with respect to
sea level.
[44] As in the Kasatochi case, we assume a shear modulus

of m = 3 × 1010 Pa and specify k = 2pf/c, where the observed
frequency is f = 1 s and c = 3.4 × 103 m s−1. Dense rock
equivalent, r, is 2700 kg m−3. In the case of the 17 January
2006 explosion, for v ranging from 50 to 400 m s−1, we
predict H of 11–18 km. In the case of the 14 January 2006
explosion, we predict H of 9–15 km. Thus, the observed H
of 13.5 km and 10.5 km for the 17 January and 14 January
plumes, respectively, are well within the range of plume
heights predicted by our model. Our preferred models,
which fit the data shown in Figure 8, require v of 190 m s−1

and 230 m s−1 for the 17 January and 14 January explosions,
respectively. These values are similar to the range of v
calculated by Caplan‐Auerbach et al. [2010] on the basis
of infrasound data. As in the Kasatochi case, we lack
error estimates in measured H for the Augustine erup-
tions studied. Following Mastin et al. [2009], however,
we expect errors in relating H to M

�
to be roughly 3 km

for the 10.5 km plume and 4 km for the 13.5 km plume
for the 50% confidence interval.

5. Dynamical Implications

[45] Because the observed H is within the range of the
modeled H considering unknowns in v, the single‐force
model may be an appropriate force system in the case of the
two eruptions we consider. The most surprising aspect of the
model’s success is the fact that we can relate plume height to
seismic wave amplitude using ∼1 s radiated waves assuming
a reasonable range of v (120–230 m s−1) in our preferred
models. This consistency implies that the high‐frequency
fluctuations of the plume are comparable in magnitude to
the long‐period eddies. We cannot rule out the possibility
that our preferred v estimates are lower than in reality, in
which case the source spectral amplitude may be decreasing
with frequency in contrast to the flat spectrum we assume.
That scenario would not be unexpected, as turbulent flows
commonly have stronger eddies at long periods than at short
periods [Kolmogorov, 1991; Mathieu and Scott, 2000; Fee
et al., 2010]. However, the spectrum can be modified by
additional processes such as supersonic flow [Smits and
Dussauge, 2006].
[46] The appropriateness of these spectral models cannot

be tested independently, as there are not currently any other
means to sample the time‐dependent velocity distribution in
the core of an opaque, large‐scale volcanic jet. Some other
methods are being developed. For instance, the length scale
of turbulent eddies in a volcanic plume has recently been
measured in plumes on the basis of photographs [Andrews
and Gardner, 2009], and infrasound is being used to track
vent velocities [Caplan‐Auerbach et al., 2010]. However,
none of these methods have been used to infer a spectrum of
velocities. Seismic data are intrinsically sensitive to a dif-
ferent region of the plume than other methods. Photographs
and infrasonic methods are more sensitive to the outer
sheath of the jet that is well‐coupled to the atmosphere,
whereas seismic data record fluctuations as coupled to the
ground, i.e., inside the vent.
[47] Given these complications, perhaps the best way to

assess the validity of the model proposed here is to compare
the values of v inferred from equation (7) for a large suite of
eruptions. If v is physically reasonable and consistent across
eruptions, then the simple source model is consistent with
the data. A similar line of reasoning has been used with
great success in assessing the values of earthquake source
parameters, such as rupture velocity [Kanamori and
Anderson, 1975]. The seismic measurements presented in
this paper are a first step toward assembling this data set.
They suggest that future work on the seismic source spec-
trum of plumes would be a fruitful avenue into examining
the fluid dynamics of erupting jets.

6. Practical Implications

[48] For the Aleutian Islands and many other remote
volcanoes in the North Pacific, the primary safety concern is
the threat of ash clouds to aircraft. Airlines are most
concerned about ash clouds that reach aircraft cruising al-
titudes. Estimating volcanic plume heights in remote en-
vironments in real time (and even in retrospect) is always
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challenging, particularly when clouds are obscuring activ-
ity and the timing of satellite passes is not optimal. With
further development, this model could potentially be used
to constrain plume heights in near real time. In the case of
the Kasatochi eruption, we would have estimated plume
heights of 13–20 km using our model on the basis of
seismic data alone, potentially giving airlines notice that
the eruption was large enough to be dangerous. To narrow
this range in height, we would need more accurate esti-
mates of v through other data sources such as infrasound,
radar, or a larger empirical database of v measurements
from similar eruptions.
[49] To illustrate the potential utility of the approach, we

examine our ability to characterize future eruptions at
Kasatochi Volcano using the nearest seismic stations,
incorporating some of the uncertainty in the one free
parameter, v. Figure 9 shows calculated ground displace-
ment at Great Sitkin stations estimated for eruptions of
Kasatochi using a variety of reasonable v values. We
assume a detection threshold of 0.4 mm, as AVO short‐
period seismometers in the Aleutian Arc often have noise
below this threshold for raw unfiltered data. This is a
conservative estimate for eruption detection, provided the
recording environment is relatively quiet and the seism-
ometers are functioning optimally. Figure 9 shows that
generally we can expect to detect coeruption seismicity for
explosive eruptions with plumes that reach 9–12 km height
above sea level or higher at Kasatochi Volcano. Discrim-
inating the source of seismic energy, as discussed in
section 3.4, may remain a challenge, however.
[50] This same approach allows us to estimate detection

capability for eruptions at other unmonitored volcanoes. For
instance, Bogoslof and Seguam volcanoes are small,
unmonitored Aleutian Islands, such as Kasatochi (Figure 1).
Bogoslof most recently erupted in 1992 and had seven
additional historic eruptions. Seguam most recently erupted
in 1993 and had five additional historic eruptions. The
nearest seismometers to Bogoslof and Seguam are those of
the Okmok and Korovin seismic networks, respectively, ∼50
km and ∼100 km distant. Using Figure 10, we estimate that

large, continuous, ash‐producing eruptions at Bogoslof and
Seguam could be visible in high‐frequency data at the
nearest seismic stations if the plumes reached roughly 8 and
9 km, respectively, in altitude for v = 300 m s−1 and 13 and
15 km, respectively, in altitude if v = 50 m s−1. Again, a
reasonable variation in v (50–300 m s−1) leads to scatter in
predicted plume heights over a 4 km range.
[51] Our model could potentially provide plume height

estimates within 4 km independent of remote sensing tech-
niques that could be considered along with estimates from
other sources. To do this, more work is needed to constrain
errors, develop improved source models, explore applica-
bility to different eruptions, and test velocity model as-
sumptions. Another consideration is that several physical
processes cause seismic tremor in the Earth’s crust, so other
data are needed to confirm that tremor observed is coer-
uptive tremor before applying our model. Uncertainties in
tremor source process would likely lead to far more false
positives than false negatives. Thus our model could be used
as a conservative indicator of threats to aviation from vol-
canic ash.

7. Conclusions

[52] Our model is generally successful in relating plume
height to ground shaking in the 2008 eruption of Kasatochi
Volcano and the 2006 eruption of Augustine Volcano for
reasonable values of the one unknown parameter, v. This
suggests that using plume height to calculate the mass
ejection rate and interpreting the resulting force system as a
single force may be appropriate techniques. The single force
model appropriate at low frequencies also fits measurements
of Rayleigh waves reasonably well at frequencies of ∼1 s.
This surprising observation suggests that force resulting
from the high‐frequency turbulence in volcanic jets can be a
useful indicator of plume height.

Figure 9. Expected ground displacement at 1 s period due to
a plume observed at Great Sitkin, 40 km distant from Kasato-
chi, for three vent velocities: 50 m s−1 (dashed), 100 m s−1

(solid), and 200 m s−1 (dotted). Vertical line indicates conser-
vative noise level at Great Sitkin seismic stations.

Figure 10. Minimum detectable plume heights with dis-
tance calculated using our model, assuming a conservative
detection threshold of 0.4e‐6 m at 1 s period and vent veloc-
ities of 50 m s−1 (dotted), 100 m s−1 (dashed), and 300 m s−1

(solid).
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[53] The success and applicability of the model to other
vulcanian and plinian eruptions globally remain to be
evaluated. However, the results from Kasatochi and Au-
gustine volcanoes are sufficiently encouraging that more
work in this field is warranted. Future studies should focus
on other eruptions to explore errors and the range of
applicability of the model, consider more complicated
velocity structures and indirect wave arrivals, consider
atmospheric effects, and further investigate frequency var-
iations in energy radiated by the volcanic jet. Further
development of this model may give us a means to better
understand the relationship of ground shaking to plume
height and explore eruption dynamics of the turbulent jet. In
the best case scenario, this avenue of research may lead us to
constraining plume height on the basis of seismic wave
amplitudes in near real time. To reach that goal, calibration
with a larger suite of eruptions and a better understanding of
the full spectrum of radiated seismic energy are required.

Notation

A area of the vent, m2.
c surface wave propagation velocity, m s−1.
cp heat capacity, kJ kg−1 K−1.
E thermal energy, J.
F vertical single force, N.
f frequency, Hz.
g acceleration due to gravity, m s−2.
H eruption column or plume height above the vent, km.
h maximum height of ballistics, m.
k wave number, m−1.
M mass, kg.
M
�

mass ejection rate, kg s−1.
m shear modulus, GPa.
r density of solid rock, kg m−3.
q dense rock equivalent volumetric ejection rate, m3 s−1.
Q attenuation quality factor, dimensionless.
S energy spectrum, m3 s−2.
r distance from source to receiver, m.
t duration of mass ejection at volcanic vent, s.

DT temperature difference between plume and ambient air,
K.

u ground displacement, m.
v velocity of material exiting the vent, m s−1.
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